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Nomenclature
B = half-wing span
C = chord length
CD = drag coefficient of a wing
CL = lift coefficient of a wing
CL/CD = lift-to-drag ratio
cd = drag coefficient of a cross-section airfoil
cl = lift coefficient of a cross-section airfoil
x = chordwise distance from the leading edge
Yi = design variable
z = spanwise distance from the root
α = angle of attack

Introduction

I N recent years there has been growing interest in micro air
vehicles.1 One notable approach is to use a flexible membrane

wing to improve aerodynamic performance.1 Previous studies of
membrane wings were largely based on empirical observations,2

two-dimensional viscous-flow-based computations,3 and simplified
three-dimensional analyses.4 Recently, Lian et al.5 adopted a dy-
namic membrane model to examine the aerodynamic and struc-
tural characteristics of a three-dimensional membrane wing. In
their study, full Navier–Stokes equations, a hyperelastic membrane
model, a moving grid technique, and an interface scheme were in-
tegrated to facilitate such computations.

To gain a more systematic understanding of possible mem-
brane wing performance, we conduct a gradient-based shape op-
timization and assess the characteristics of both rigid and mem-
brane wings. The optimization of a membrane wing introduces
two challenges. First, coupled, time-dependent simulations of in-
teractions between viscous fluid flow and a flexible structure are
very expensive. Second, efficient and automatic grid regenera-
tion is essential for both the fluid/structure interaction and shape
optimization. This Note deals with these issues by using the
following strategies:

1) Instead of optimizing the membrane wing directly, we optimize
a rigid wing as a surrogate and then check the membrane wing
performance based on the outcome of the surrogate model. This
may be considered as a first step in using the surrogate in more
elaborate methods.6−9 The optimizer Design Optimization Tools
(DOT)10 using sequential quadratic programming then perturbs one
or more design variables.

2) We automate a moving grid technique by treating the opti-
mization process as a “moving boundary problem.”3 This technique
facilitates not only the optimization process but also the computation
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of fluid and membrane wing interactions. The detailed information
is given in Lian et al.11

Optimization and Computational Approaches
The objective is to improve the lift-to-drag ratio of a membrane

wing under constraints. The baseline membrane wing shape is cho-
sen from a series of trial-and-error exercises with little direct insight
from the three-dimensional aerodynamics of a low-aspect wing.
Only the wing shape is considered in this work; neither the fuselage
nor the propeller is included. The baseline wing has a variable span-
wise camber: 7.5% at the root and 2% at the tip. The wing, based on
a three-batten arrangement, has a maximal chord length of 13.7 cm,
a mean chord of 9.4 cm, and a span of 15 cm. The angle of attack
is defined in reference to the root geometry. The design point of the
present MAV flies at a speed of 10 m/s and an angle of attack of 6 deg.
Because there is no change in weight in the level flight under battery
power, this optimization exercise is solved as a single-point problem.

The wing surface can be implicitly represented by a function
y = f (x, z), where x, y, and z represent the wing surface coordi-
nates. We choose six design variables corresponding to six points on
the wing surface. Three are located at the root at 10%, 27%, and 77%
of the chord. The other three are located at batten 2 with the same
relative chord positions. We use Yi to designate a design variable,
which is defined as the perturbation of a baseline value at point i . We
interpolate perturbations from all of the design variables over the
wing surface with the thin plate spline (TPS) interpolation,12 which
ensures that the interpolated surface has a second-order continuity:

δy(x, z) = G(Y) (1)

where Y = (Y1, Y2, . . . , Y6) is the design variable vector, G is the
TPS interpolation operator, and δy is the interpolated value over
the wing surface. The perturbed wing surface is then represented
as ynew = y + δy. An advantage of this perturbation approach is that
we can recover the original shape when the perturbation Y is zero. In
our optimization we fix both leading and trailing edges to maintain

Table 1 Design variables bounds and their optimal values at 6 deg

Parameter Initial design Lower bound Upper bound Optimal value

X1 0.00 −0.40 0.00 −0.258
X2 0.00 −0.40 0.00 −0.400
X3 0.00 −0.20 0.20 −0.152
X4 0.00 −0.20 0.20 −0.100
X5 0.00 −0.10 0.20 −0.082
X6 0.00 −0.10 0.20 0.135
Number of 97

analyses
Number of 6

cycles
CL 0.530 0.529 0.529
CL/CD 7.06 7.55

Fig. 1 Pressure coefficients at the root at an angle of attack of 6 deg.
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Fig. 2 Spanwise aerodynamic coefficient distributions at angle of attack of 6 deg.

the identical angle of attack between the baseline and optimized
wings.

The present optimization problem can be formulated as follows:

Maximize CL/CD

subject to
1) CL ≥ CL baseline

2) Convexity constraint:
Y1 + y1 − y0

x1 − x0
≥ Y2 + y2

x2 − x0

3) Y L
i ≤ Yi ≤ Y U

i , i = 1, 6 (2)

Constraint 1 requires that the lift coefficient of the optimized wing
be no less than that of the baseline wing. Constraint 2 maintains the
convexity of the airfoil to eliminate obviously inappropriate shapes.
Constraint 3 gives the lower and upper bounds of the design variables
whose values are listed in Table 1.

The optimization procedure begins with the baseline design. Af-
ter the perturbation, the TPS interpolation is used to generate the
entire wing surface. Next a computational grid is generated with
the moving grid technique for the perturbed shape, and the Navier–
Stokes solver is used to evaluate the objective function. A design
cycle includes the evaluation of derivatives of the objective function
and constraints (here by finite differences) and a one-dimensional
search in a direction selected based on the derivatives. The search
terminates when the DOT convergence criteria are satisfied.

The automated moving grid technique allows the optimization
to proceed as a series of artificial “moving boundary problems” in
which the moving grid technique guides the grid generation without
human intervention. For the membrane wing computation one has
to consider the shape change under external forces. This, of course,
results in a time-dependent moving boundary problem, which can
be solved by the same moving grid technique, as detailed in Ref. 5.

Results and Discussion
Instead of optimizing the membrane wing directly, we optimize

a rigid wing as a surrogate, decoupling the aerodynamics and struc-
tural analyses. On the basis of the optimization output we evaluate
both rigid and membrane wing performance. The optimization re-
sults, summarized in Table 1, improve the lift-to-drag ratio from
7.06 to 7.55. By doing so, the camber reduces from 7.5% to 4.8%
near the root and increases from 2% to 4% near the tip. Figure 1
compares the spanwise pressure distributions on both wings. At the
root, the baseline wing yields a cross-over pressure distribution at
the leading edge, which decreases the total lift force. The optimized
shape eliminates the cross over and gives a smoother distribution.

The spanwise cl/cd distribution is depicted in Fig. 2. The aero-
dynamic improvement is largely realized in the inner 70% of the
wingspan. By reducing the camber in the root region, the optimized
shape reduces the drag coefficient noticeably there, which leads
to a higher overall lift-to-drag ratio. The overall aerodynamics of
the membrane wings, for both baseline and optimized shapes, is

Fig. 3 Time-averaged membrane wing performance vs angles of
attack.

summarized in Fig. 3. The optimized shape improves CL/CD , with
more substantial improvement at modest angles of attack.

Summary
We have performed an optimization of a flexible membrane wing

using a rigid wing as surrogate. An analysis of the final design
has verified that the flexible wing can be improved by optimiza-
tion of a rigid wing with the same geometry. Compared to the
baseline, the optimization leads to lower camber near the root and
higher camber near the tip, while still leaving the camber slightly
higher at the root than the tip. The lift-to-drag ratio improved over
a range of angles of attack. However, at large angles of attack, the
improvement with the optimized shape diminishes. At low angles
of attack, the improvement is largely located within 70% of the
inner wing. The improvement in aerodynamics of the optimized
wing is largely realized via reduced-form drag and better pressure
distributions.
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Introduction

T HE effect of interlaminar bonding imperfections on responses
of laminated/sandwich beams, plates, or shells has received

much attention recently. Most of the available works have em-
ployed various simplified beam, plate, or shell theories in which
certain assumptions on the elastic fields along the thickness direction
are introduced.1−5 More recently, we presented a three-dimensional
study of cross-ply laminated rectangular plates with imperfect in-
terfaces, based on the so-called state-space formulations.6 Through
comparison, it was shown that the accuracy of the extended zig-zag
plate theory1 would become worse with the increasing imperfec-
tions of interfaces. In addition, the prediction of interfacial imper-
fections of a practical structure from the plate theory, when com-
pared to the experimental results of deflection, will result in an
underestimated value. This is usually not favorable to the practi-
cal damaged structures. Thus, although there are many highly ac-
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curate simplified theories or numerical methods for perfect lami-
nated/sandwich beams,7−10 it seems necessary to develop exact so-
lutions that can be used as benchmarks for the analysis of imperfect
laminated/sandwich beams.

This Note presents an exact solution of simply supported cross-
ply laminated beams featuring interlaminar bonding imperfections
described by a spring-layer model.1−4 The analysis is similar to that
presented in our previous work,6 but the state-space formulations
are established based on the two-dimensional elasticity equations for
the plane-stress problem. The state-space approach is very effective
in analyzing laminated beams because the scale of the final solving
equations is independent of the number of layers. The numerical
results presented in this Note should provide a useful means of
comparison in the development of simplified theories for imperfect
laminated/sandwich beam structures.

State-Space Approach for Plane-Stress Problem
An N -layered cross-ply laminated beam is shown in Fig. 1. The

three-dimensional constitutive relations for a cross-ply laminate can
be found in Ref. 6, for example. For a beam structure, because the
width is very thin and the load along the width stays invariant, the
problem can be regarded as a plane-stress problem.11 In this case,
the nonzero stress components are σx , σz , and τxz only, which are
independent of y. Then we can derive the following two-dimensional
constitutive relations:

σx = C11
∂u

∂x
+ C13

∂w

∂z
, σz = C13

∂u

∂x
+ C33

∂w

∂z

τxz = C55

(
∂u

∂z
+ ∂w

∂x

)
(1)

where u and w are the displacements in the x and z directions,
respectively, and Ci j are the reduced stiffness constants, which can
be expressed by the elastic constants ci j as

C11 = c11 − c2
12

/
c22, C13 = c13 − c12c23/c22

C33 = c33 − c2
23

/
c22, C55 = c55 (2)

From Eq. (1) and the equations of motion,11 the following state
equation12 can be obtained:
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Fig. 1 Geometry and coordinates of a laminated beam.


